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Abstract. The aim of this work is to analyze latitude measurements typically used in historical geographical
works through a statistical approach. We use two sets of different age as case studies: Ptolemy’s Geography and
Riccioli’s work on geography. A statistical approach to historical latitude and longitude databases can reveal sys-
tematic errors in geographical georeferencing processes. On the other hand, once exploiting the right statistical
analysis, this approach can also lead to new information about ancient city locations.

1 Introduction

Historical methods underlying geographical coordinate mea-
surements represent an interesting scheme in order to analyze
the evolution, technical issues and mathematical theory that
inspire modern geography. Much attention has to be given
to longitude measurements, since these measurements intro-
duce a major distortion source for geographical maps. More-
over, the longitude concept derives from the concurrence of
observations and measurement procedures with respect to a
reference place, so it can be considered a measure of time.
For this purpose, Hipparchus considered Moon eclipse obser-
vations, and in the modern era, after Galileo, astronomers and
geographers also used Jupiter moon eclipses. The interest-
ing idea to measure a geographical quantity with time led to
many philosophical considerations. In the past it was not gen-
erally used but replaced with estimates of distances between
cities or places of interest. Such different schemes implied
inhomogeneous error sources; in fact, time was measured
only where it was possible to compute with Sun and water
or sand clock; otherwise lengths were measured, with errors
related to an undefined precision in direction and distance.
Geographical coordinates were affected by many corrections
during history, starting with Al-Khwarizmi’s longitude cor-
rections of Ptolemy’s Geography in the Mediterranean area.

The latitude coordinate has not received the same atten-
tion, since magnitude variations have been related to mea-
surement errors. To achieve such a coordinate measure one
needs to define the angle between the zenith and Sun posi-
tion at the equinox and, since this quantity does not change
in time, it is very simple to obtain the right latitude estimate.
The direct method used is to measure the gnomon shadow
length at the equinox. An indirect approach was to mea-
sure the length at the solstice and, therefore, to measure the
gnomon shadow length at the solstice. If we think about an-
gle position and we denote the latitude with 8, the ecliptic
with ε and the angle of the Sun’s position at summer solstice
with β, it is simple to write the relation:

8= β + ε. (1)

We have to remember that the obliquity changes with time, as
explained in Laskar (1986a, b), between a maximum of 24.5◦

and a minimum of 22.04◦ on a cycle of around 41 000 years.
From the beginning of human history, the obliquity has de-
creased, and since ancient times many astronomers have
measured the ecliptic, e.g., Wittman (1979). In a different
way, β also changes its magnitude in time, but its value in-
creases in a way that is coherent with respect to ε. Many
studies on megalithic monuments (Thom, 1967, 1971, 1972,
1973, 1974, 1984; Thom et al., 1974) show an ecliptic at
the solstice or equinox point (sunset or sunrise and moon-
set or moonrise), estimated in agreement with the respective
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epoch, although these results are still controversial; see Rug-
gles (1999).

The latitudes have to remain the same from the time of
its definition, with the only change due to measurement er-
rors. In this paper we study latitude changes between differ-
ent epochs. We propose a statistical approach to study his-
torical latitude measurements in order to understand if there
are some systematic errors in the historic measurements and
if it is possible to develop correlations with other physical
measurements such as longitude.

2 The method

In the present investigation we will study the specific statis-
tical distribution

18=8an−8t, (2)

where 8an is ancient latitude and 8t is today’s latitude for
the same geographical location. A statistical analysis of the
latitude deviation can allow us to investigate possible latitude
position distortion, offering a new instrument to investigate
historical geography and locate ancient cities.

During history, the accuracy of latitude measurements be-
came more precise because of the improvement of methods
and technologies. As a matter of fact, the most precise mea-
surement of such a quantity is its last estimate, that is today’s
latitude. If measurements obtained during the same epoch
are considered, one has a coherent set of latitudes measured
with the same method and suitable error bars due to a random
measurement process. The error theory is straightforward: if
we have a coherent set with random error bar values, the set
has to show a distribution with a random component (Gaus-
sian, Laplace or logistic) with a mean peak. Thus, evaluat-
ing the distribution for historical measurement sets, one can
evaluate whether errors are statistically random or if there are
systematic problems.

In order to build a suitable latitude statistical distribution,
the steps we have to follow are as follows: (1) we choose a
historical latitudes set; (2) we identify the corresponding lo-
calities nowadays; (3) we calculate the latitude difference for
the same geographic point and (4) we analyze the statistical
distribution.

The first interesting point of this method is that it is neces-
sary to identify the city, villages or geographical point of the
historical map.

The case studies we will present in the next sections are
the latitude sets encoded within Ptolemy’s Geography (sec-
ond century BC) and Tabula Latitudinum et Longitudinum of
Giambattista Riccioli (1689). We have chosen these two lat-
itude sets for specific reasons. Ptolemy’s Geography is the
oldest treaty on geography, summarizing almost all ancient
knowledge about geography and measurement methods. All
newer survey methods have to deal with this treaty, one of the
most important in history. Riccioli’s work, on the other hand,

is a modern data set based on the first geodesy studies, devel-
oped soon after Tycho Brahe’s epoch. At the end of the sev-
enteenth century, geodesy’s epoch begins; this new georefer-
encing scheme introduced a revolution for cartography. Fur-
thermore, Riccioli in his work Astronomia Reformata, sum-
marizes the bulk of ancient geographic studies in a critical
way. He also analyzes all ecliptic measurements from Hip-
parchus’ time, showing a deep knowledge of problems re-
lated to measures, astronomy and geography. Riccioli’s work
was done at a time in which the ecliptic value is very close
to the real estimate, so that the distribution peak of latitude
differences between Riccioli’s estimates and the modern cal-
culations is expected to be close to zero.

3 Ptolemy’s set

Ptolemy’s work had a great impact on knowledge for as-
tronomy and geography until Copernicus’ revolution. The
books Almagest (Mathematiké sýntaxis) and Geography
(Geōgraphikè hyphègēsis) represent a benchmark in this
sense. The Almagest is one of the most studied ancient
treaties, but it still raises issues without conclusive answers.
Delambre (1817, 1819) already remarked on the problem of
data used by Ptolemy. This triggered research on Ptolemy’s
sources and how he compiled the treaty, inheriting and sum-
marizing works by Eratosthenes, Hipparchus, Marinus of
Tyre, Pytheas, Eudoxus of Cnidus and Posidonius. New-
ton (1973, 1974, 1977), Britton (1969) and, more recently,
Grasshoff (1990), Jones (2002) and Shcheglov (2006, 2003–
2007) also address these topics. One idea is clear: Ptolemy
used data from a different epoch, partly measured by him-
self, but he assumed the same ecliptic from predecessors
(maybe Hipparchus or Eratosthenes measured 23◦51′20′′),
despite some star observations showing a different ecliptic
value, 23◦43′06′′ which is more accurate in comparison to
the epoch ecliptic magnitude.

The Geography treaty has also been widely studied in
time: the origin of projections has been analyzed as well
as the manuscripts’ dissemination and a significant inves-
tigation has been pursued about the positioning of an-
cient lost cities. Starting from the translation of theoreti-
cal books, e.g., Berggen and Jones (2000), a complete co-
ordinates database has been published in Stuckelberg and
Grasshoff (2006), while Isaksen (2011) provided a general
discussion on the accuracy of coordinates in the Geogra-
phy; on the other hand, some insights on the geostatistical
methods are provided in Livieratos et al. (2008) and Tsor-
lini (2009a, b), and finally Marx (2011) developed a more
mathematical analysis concerning statistical methods.

A significant aim is to estimate the coordinates’ error bars,
in order to understand the position of lost cities. Nowadays
we know that the longitude coordinate has the greater er-
ror bar but few works have been published on numerical
methods to rectify the longitude coordinate, showing the

Hist. Geo Space Sci., 8, 69–77, 2017 www.hist-geo-space-sci.net/8/69/2017/



S. Luca: A statistical approach to latitude measurements: Ptolemy’s and Riccioli’s geographical works 71

Figure 1. Map of contemporary counterparts of Ptolemy’s locations considered in the present analysis on a map (blue dots).

longitude increase from west to east, as in Marx (2012a)
and Russo (2013). Based on this idea, a regional cata-
logue has been published, that considers some parts of
Ptolemy’s oikumene, with Ptolemy’s coordinates and con-
temporary counterpart locations (see Kleineberg et al., 2010,
2012, and in Marx and Kleineberg, 2012). The methodol-
ogy used in the Geography is the same as in the Almagest,
as Grasshoff (2014) argued. A general feature of Ptolemy’s
works is to be heterogeneous; this was highlighted for the Al-
magest and it is accepted for the Geography too. There is no
unique polynomial relation to calculate the modern location
from the historic coordinates over all oikumene, as discussed
in Marx (2012b) but only regional relations.

We know very well that Ptolemy used travel itineraries,
circumnavigations and other regional data from ancient
chorography probably preserved in Alexandria’s library. It
is still an open issue of how Ptolemy built geographic
maps and coordinates from a non astronomical data set.
Grasshoff (2014) argued that coordinates of entire maps are
not built from astronomical data but only from knowledge of
distances between locations.

In the present work we focus on investigating latitude mea-
surements, as they are not affected by the value assumed
for the Earth’s radius (as longitude measurements would
be). Great distortions have been found for certain parts of
Ptolemy’s oikumene, as shown in Marx (2014). A suitable
approach is to only consider the Mediterranean zone, which
was better known because of the presence of the Roman Em-
pire. We use the works of Kleineberg et al. (2012) and, Marx
and Kleineberg (2012) in order to draw Ptolemy’s geographic
locations distribution and the contemporary corrected coun-
terparts. The distribution of locations is shown in Fig. 1.

Figure 2. Histogram of latitude deviation with bin width of 15′ for
Ptolemy’s location set.

The number of cities in this catalogue is 1885, so the sta-
tistical set is quite large, although it is lacking North Africa
and the Middle East. We extract the latitude difference as in
Eq. (2) for the set of cities collected, where 8an is Ptolemy’s
latitude (ancient) and8t is today’s latitude for the same geo-
graphical location. Figure 2 shows a histogram of the empiri-
cal PDF (probability density function) of a statistical quantity
corresponding to the number of objects with same 18.

The histogram represents the empiric distribution of the
latitude difference. We can see the structure of the distri-
bution is well defined and quite symmetric but not centered
at 0. We know Ptolemy’s Geography had different, inhomo-
geneous sources and data came from astronomical, itinerary
and periploi sources. If we accept this idea, we need to be
sure that inhomogeneous data are better described by mixing
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Figure 3. Histogram with bin width of 15′; the blue continuous
curve is the statistical distribution f inferred for Ptolemy’s set.

statistical distributions. For this purpose, we try three dif-
ferent statistical distributions for a random effect and their
linear combination: Gaussian, Laplace and logistic distribu-
tions and also with a linear combination. We use the max-
imum likelihood method, and we have to reject Gaussian,
Laplace and logistic distributions taken singly because the
Cramér–von Mises statistic test is negative (statistic test for
goodness of distribution). We have to reject the combinations
Gaussian–Laplace and Laplace–logistic for the same reason.
We have obtained best results assuming a distribution

f = α · fG+ (1−α) · fLo, (3)

where fG is the Gaussian statistical distribution, fLo is the
logistic one and α is the width of each distribution in the
mixing. The results are summarized in Fig. 3 and Table 1.

The fundamental result is that there is a systematic error in
latitude. Such an effect is suggested by a non-zero statistical
distribution mean of the latitude errors; it corresponds to 12′

and it is not negligible due to a large sample size. We can
conclude that overall in the Mediterranean area the latitude
is underestimated.

The question now is how we can explain this distortion.
The possible sources of latitude error are many. We can only
point out some possible explanations in this exploratory anal-
ysis focusing on the Mediterranean area. First of all, we
check whether a correlation between longitude and latitude
measurements exists. In principle, longitude/latitude mea-
surements are uncorrelated to one another. However, almost
all ancient latitude values are not correctly measured but de-
rived from the shadow length using a gnomon in the sunlight
during two particular days: summer solstice and equinox.
This procedure was also used to find the geographic south
and north positions, crucial for defining longitude. But obvi-
ously this geometric procedure is affected by a measurement
error, and consequently it may thus spread to both latitude
and longitude measurements. Within the considered sample
there are certainly a lot of astronomical data sets forming

Table 1. Statistical analysis and tests for f statistical distributions
for Ptolemy’s set: µ is the mean, σ is the standard deviation, RMSE
is the root mean square error, Cramér–von Mises P value is the
goodness parameter and α is the mixing parameter.

µ −0.1987
σ 0.9945
RMSE 0.069
Cramér–von Mises P value 0.65854
α 0.859

Figure 4. Latitude difference plot for each location set. The axes
are contemporary latitude and longitude.

a first step to create a reticulum of parallels and meridians.
As a second step, additional data coming from itineraries or
knowing distances in general are added to this first set of
data. In such a case, a lower level of accuracy characterizes
latitude and longitude estimations. Different source data are
affected by different error bars, and longitude estimations re-
veal a strong possibility of correlation with latitude.

In Fig. 4 we plot a counterplot to show and investigate
possible latitude–longitude correlations. It is created starting
from cities’ geographical coordinates and their own 18. So
areas with the same 18 are mapped and visualized in the
latitude–longitude plot.

In Fig. 5, we show an analogous plot for longitude. As
we can see in Figs. 4 and 5, the counterplots are very use-
ful to observe how 1λ and 18 are mapped and spatially
distributed. We do not consider the longitude offset; it exists
but it does not change the counterplot. In the latitude coun-
terplot we can see a sort of butterfly correlation, where the
spatial distribution of 18 is not random, and in the longi-
tude counterplot1λ has a gradient from west to east, but this
is well known and used to search for the modern location
counterpart. In the area where the 1λ gradient is highest,
i.e., where1λ changes fast with longitude (around longitude
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Figure 5. Longitude difference plot for each location set. The axes
are contemporary latitude and longitude.

10◦),18 is negative and lowest. Where1λ is quite constant
(side areas),18 is positive. There seems to be a general cor-
relation between latitude and longitude and consequently a
correlation between latitude and longitude error bars, possi-
bly owing to the dependence of both on knowledge of the
meridian. Thinking of rulers used for the measurements, it
is realistic to think that most latitude measurements have
had 10′ as error bars. If errors in latitude/longitude propa-
gate to one another, and there is the same precision, we have
roughly a typical error of measurement. This can explain at
least part of the statistical spread. From a general point of
view, we can hypothesize a general error propagation like

err= a18+ b1λ with ab 6= 1,

but the difficulty is how we can find the parameters a and
b if we are not able to find the error bars for latitude and
longitude in a separate way.

Another possible source for latitude distortion comes from
the definition in Eq. (1). Ptolemy collected many data using
different types of sources and methods, produced in different
years: we know he used latitude and longitude estimates from
Babylonian tradition too. Using the gnomon shadow length
at the summer solstice, he estimated the latitude making use
of an ecliptic estimate, maybe by himself or from ancient as-
tronomers like Hipparchus and Eratosthenes. In this case it is
possible he did not adopt β and ε in a coherent way but from
various time periods. Consequently the resulting latitude es-
timation is underestimated or overestimated, since the data
turn out to be affected by the ecliptic change.

The question now is how we can distinguish all the bias-
ing contributions. A feasible procedure is to individuate and
investigate regional zones where latitude and longitude esti-
mations are correlated in a coherent way. The motivation for
this is plausible because there are some coherent areas, that

Figure 6. Histogram with bin width of 15′ for mainland Italy, Sicily
and Sardinia.

is astronomical estimates, and other estimates around cen-
tral cities came from itinerary distances for each geograph-
ical area. As an example, we plot 18 for mainland Italy,
Sicily and Sardinia in Fig. 6.

This histogram plot shows a very different systematic error
with respect to the overall biasing effect obtained in Fig. 2.
We can conclude that the distortion sources for this region
must be different. From this example it is easy to understand
that a better comprehension of errors in historic coordinate
sets needs further studies taking into account the statisti-
cal data as well as historical sources. The regional methods
proposed by Grasshoff (2014) seem a highly promising ap-
proach.

4 Riccioli’s set

Riccioli’s works, during the seventeenth century, are famous
because they focus on the inaccuracy of Copernicus’ helio-
centric system. He is in favor of a geocentric model, and each
work tends to demonstrate it. Delambre (1821) judges Ricci-
oli’s works to be not very useful to modern astronomy. The
Jesuit Riccioli lived in a century dominated by the revolu-
tionary figures Galileo and Copernicus, and the Church tried
to stop their ideas. Beyond the theological and philosophical
discourse, as shown in Graney (2012), Riccioli had the fame
to summarize every knowledge about astronomy, physics and
geography. He discussed measurement methodology in his
works, mostly in Almagestum novum and Astronomia refor-
mata. In the latter, he analyzed the ecliptic measure from
Hipparchus and Ptolemy, which is interesting for our work.
He concluded that the correct value for the ecliptic is 23◦30′

and that the ancient astronomers were wrong, adding, for the-
ological reasons, the notion that the ecliptic is constant. He
made many astronomical observations with Grimaldi and,
more interesting for our purpose, measured the meridian
(Hoefer, 1873). In his works Geographiæ et hydrographiæ
reformatæ libri duodecim and Tabula latitudinum et longi-
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Figure 7. Map of contemporary counterparts (blue dots) of Riccioli’s locations considered in the present analysis.

Figure 8. Histogram with bin width of 5′ for Riccioli’s set of latitudes.

tudinum, he collected and corrected many geographical mea-
surements. His work on geography remained a reference
point for next-generation cartographers like Rizzi Zannoni
and Fontana, as in Memorie di Matematica (1826). Unlike as-
tronomy, geography was not debated on a theological level,
so Riccioli’s geographical works are trustworthy. For these
reasons we chose Tabula latitudinum et longitudinum to an-
alyze with our method. To build a homogeneous latitude set,
we have to chose the same geographical zone as we did for
Ptolemy’s Geography in the previous section. The geograph-
ical location distribution is shown in Fig. 7.

The contemporary counterparts are easier to recognize be-
cause, from the seventeenth century, many locations have
kept the same name and most cities existed already. The his-
togram set of latitude differences for Riccioli, analogous to
Fig. 2 for the Ptolemy case, is shown in Fig. 8.

We limited the statistical analysis to the [−0.5, 0.5] inter-
val because we had some outliers that, however, do not sig-
nificantly change the statistical results. The 18 histogram
structure is quite symmetric around 0 and well defined. We
redo the same statistical analysis as for the Ptolemy set in the
previous section. We use the maximum likelihood method,
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Table 2. Statistical analysis and tests for f statistical distributions
for the Riccioli set: µ is the mean, σ is the standard deviation,
RMSE is the root mean square error, Cramér–von Mises P value
is the goodness parameter and α is the mixing parameter.

µ −0.003
σ 0.12
RMSE 0.016
Cramér–von Mises P value 0.511
α 0.248

Figure 9. Histogram with bin width of 10′; the blue continuous
curve is the statistical distribution inferred for Riccioli’s set.

and we have to reject Gaussian, Laplace and logistic distri-
butions taken singly because the Cramér–von Mises statistic
test is negative, as in the Ptolemy case. We have to reject the
combinations Gaussian–logistic and Laplace–logistic for the
same reason. The best result in this case is

f = α · fG+ (1−α) · fL, (4)

where fG is the Gaussian statistical distribution, fL is the
Laplace distribution and α is the weight of each distribution
in the mixing. We found the α parameter through the maxi-
mum likelihood method. The results are given in Fig. 9 and
Table 2.

As we can see from the results, the best fit is with a com-
posite distribution in which µ is very near to 0 and the
standard deviation σ is around 7′. During Riccioli’s time,
many observational instruments had a better accuracy than
in Ptolemy’s time and is reflected in a standard deviation σ
smaller than in Ptolemy’s case. The existence of outliers and
the fit with a linear condition of distributions suggest there
are irregularities in the geographical data, but in Riccioli’s
case it is quite mild. From statistical analysis, no systematic
error or distortion is evident. We can exclude all types of cor-
relations between latitude and longitude measurements, be-
cause18 is a spatially random distribution. This can be eas-
ily observed from the counterplot for latitude and longitude
in Figs. 10 and 11.

Figure 10. Latitude difference plot for each location set. The axes
are contemporary latitude and longitude.

Figure 11. Longitude difference plot for each location set. The axes
are contemporary latitude and longitude.

The main result is that there is no significant systematic
error or any latitude–longitude correlation in the entire geo-
graphical area. Riccioli’s set has coherent astronomical data
and latitude estimates. The 18 study shows quite a random
distribution due to a simple procedure to measure latitude, as
we can expect from any measurement.

5 Conclusions

In order to thoroughly understand how geographic locations
given in historic works were measured or calculated, studies
on the statistics of location values are a promising method. In
the present exploratory work, we highlight the relevance of
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the statistics of latitude measurements. In particular, we fo-
cus on the statistical distribution of 18 as tracer to analyze
systematic errors, distortions, latitude–longitude correlations
and measurement uncertainties. We discuss the statistical re-
sults of two case studies: Ptolemy’s and Riccioli’s geograph-
ical works. As shown, the statistical distribution of 18 for
Ptolemy shows properties (peak position and standard devia-
tion) best explained with an inhomogeneity in measurement,
data collection, methods and measurement precisions. For
future works, studies like ours should be brought together
with studies on longitude and historical sources; this could
bring about insights on the circulation of data and methods
among ancient astronomers and scientists. In Ptolemy’s case,
it is curious that the longitude gradient maximum zone is
very near to the Carthage longitude, one of the locations of
ancient lunar eclipse observations probably used by Ptolemy.
Statistical analysis like ours, but dealing with other classical
works, may show further correlations between latitude and
longitude measurements and give us more information about
ancient city locations.
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